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This paper is concerned with a Cauchy problem 
LI, = II,r,r - Il~y-‘lf in R x (0, ,z), 
u(s, 0) =&J(s) in R, 
(PI 
where p > I and 11s E f.“( R). A solution a of ( P) is said to decay last as I + m if 
lim I - rJ2 ~“‘P-‘)u(s, I) =O uniformly in R and to decay slowly as I + w otherwise. 
We prove that if a,,(x) does not decay faster than 1.~1 -y with some q -z 2/(p - I ) as 
s + z or s -t - z, then II decays slowly as I -+ %. In a process of the proof, we 
give an estimate of solutions near the spatial intinity for general initial data, which 
implies that none of zeros of u( /) goes to f m at each I > 0. C? 1999 Academic Press 
1. INTRODUCTION 
In this paper we consider the Cauchy problem for a semilinear parabolic 
equation 
1 
u, = u xx- 1uIp-‘L4 in Rx (0, co), 
u(x, 0) = q(s) in R, (1.1) 
wherep> 1 and MEL”. 
It is immediately seen that any solution ~1 of ( 1.1) bounded in space 
exists globally in time and satisfies 
lu(x, t)l < ct-“(P-‘I for all (x, t) ER x (0, co) 
with some positive constant C by comparing with spatially homogeneous 
solutions of ( 1.1). We say that a solhtion u of ( 1.1) decays fast as t + cc if 
lim t”‘P-‘)t~(~, f)=O uniformly in R. 
r-m 
Otherwise the solution u is said to decay slowly a? f --, co. 
0 AP 
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The large time behavior of positive solutions for parabolic equations 
with absorption has been studied precisely by several authors [4]-[ 81. On 
the other hand, it seems that there was no result for sign-changing solu- 
tions before the author and Yanagida [ 121 as far as we know. In [ 121, 
they obtained the critical exponent for the decay rate of solutions of ( 1.1) 
depending on the number of sign changes of initial data as follows: For a 
function f on R with f$O, we define the number of sign changes z(S) by 
the supremum ofj such that 
jlxi) ‘jlxi+ I ) < O, i=l,2, . . . . j 
for some -co <s, <x2< ... <sj+, < + 00. For a nonnegative integer k, 
we denote by Zk the set of uniformly bounded functions j’ with z(f’) = k 
and let pk = 1 + 2/( k + I ). Then it holds that 
(a) If 1 <p <pk? then any nontrivial solution of (1.1) with q E Z, 
decays slowly as t + co. 
(b) If p apk, then there exists a nontrivial solution of ( 1.1) with 
q E Ck which decays fast as t + co. 
We call pk the critical exponent for the decay rate of solutions of ( 1.1). 
The purpose of this paper is to prove the following result. 
THEOREM 1.1. Let u be a solution of ( 1 .I ) with z( IJJ) < CC. If there is u 
positive constunt (I with y < 2/( p - 1) such that 
lim inf Ix-]~~(x) > 0 or lim inf 1x1 qv( X) > 0, 
X-.OD x---m 
then u decays slo~vly us t + KJ. 
We remark that the slow decay of solutions for ( 1.1) as t + 00 shown in 
Theorem 1.2 is regardress of the number of sign changes of y.~ and the value 
of p > 1. By Theorem 1.2, there is no effect of the critical exponent for 
the decay rate if initial data does not decay faster than 1x1 -q with 
0 < q < 2/( p - 1) at + 00 or - co. Namely we can say that the slow decay 
of initial data works on the large time behavior of solutions of ( 1.1) 
stronger than the critical exponent for the decay rate. 
These results are closely related to the blowup of solutions for 
u, = 2.4, + IuIP--Iu in Rx(0, co), 
u( x, 0) = cp( x) in R. (1.2) 
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It was given in [ 10, 111 that 
(a) If 1 -=p<pk, then any nontrivial solution of (1.2) with 9 EC, 
blows up in finite time. 
(b) If p >pkr then there exists a nontrivial global solution of ( 1.2) 
with ~EC,. 
The critical exponent for the decay rate of solutions of ( 1 .l ) coincides with 
that for the blowup of solutions of (1.2), and the fast and the slow decay 
of solutions of ( 1.1) are replaced by the global existence and the blowup of 
solutions of (1.2), respectively. They also obtained in [ 1 l] that if initial 
data cp with z(q) -C CYJ decays slower than 1x1 --2’(P--1) at infinity, then the 
solution of ( 1.2) blows up in finite time regardress of the number of sign 
changes of p and the value ofp > 1. Theorem 1.2 corresponds to this result. 
In order to prove Theorem 1.1, we consider a behavior at spatial infinity 
for solutions of 
u,=u,+f(x, t) 0 in R x (0, T), 
0(x, 0) = q?(x) in R 
(1.3) 
with (MEL”, where T>O and lf(x,t)l <k(r) for XER and t~[0, T) 
with a bounded continuous function k(t) on [0, T). For general initial 
data, we obtain the following estimate. 
THEOREM 1.2. Let v be u solution of (1.3) with ~(9) c CQ. Then for each 
s E (0, T) there is x, > 0 such that for each p 2 x, 
14~ t)l >b,(t) e +‘)( 1x1 -p) exp - 
( t’x’ip’2) 
1 * 
h,(t) =- 
s (47rt)“2t 0 cp(y+p)yev -c 4 ( > 
h(r)=J’k(r)dr 
0 
, 
for t E (0, T).  
This result can be applied to (1.1) by setting f(x, t)= -(u(x, t)lJ’-‘. 
Theorem 1.4 shows that any solution of ( 1.3) stays above a solution of the 
heat equation in the half line with the Dirichlet boundary condition at the 
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origin near the spatial infinity for each t E (0, T). In particular, we see that 
any curve of zeros of solutions of ( 1.3) does not diverge to + cc at each 
time, that is, for any curve z(t) of zero of u(t) of a solution u of ( 1.3), 
z(t) fr + co and z(t) + - co as t r t,, for each I, E (0, T). Some properties 
of the set of zeros for solutions of ( 1.3) were investigated in [ 1, 2, 3, 93. 
Among them, when some curves of zeros of a solution for (1.3) vanish at 
some (x,, to) E R x (0, T), the asymptotic behavior of those curves near 
(x,, to) was precisely given in Chen [2]. We can say that his result covers 
all situations of vanished curves of zeros for solutions of ( 1.3) in virtue of 
Theorem 1.2. We remark that the consequence of Theorem 1.2 does not 
hold in general for a semilinear parabolic equation with a reaction term of 
different type from ( 1.3) as seen from an example given in Proposition 2.1 
in the next section. 
This paper is organized as follows: The next section is devoted to the 
proof of Theorem 1.2. This section also includes an example in which a 
curve of zero of a solution for a semilinear parabolic equation diverges to 
infinity at some finite time. In Section 3, we prove Theorem 1.1 making use 
of Theorem 1.2. 
2. PROOF OF THEOREM 1.2 
Let s > 0 and let g be a function on [0, co) x [0, s] such that 
]g(x, I)] <k(t) in [0, co) x [0, s] with a bounded function k(r) on [0, s]. 
We first consider the following problem 
1 
IV, = N’, + g( x, t ) II’ in (0, ml) x (0, ~1, 
)I’( 0, I) = 0 in (0, s), (2.1) 
lV( x, 0) = l//(x) in (0, m), 
where +EL”((O, co)). 
LEMMA 2.1. If I) is nonnegutive and not identically equul to zero in 
(0, WJ)), then it holds 
lv(x, t) 2 b(t) e+‘)x exp 
X2 ( > - -4; .for- (XT t)E(O, m)x(O,s), 
1 
b(t)=- jrn $(Y)Y exp (-g) & (47ct)‘? Ll 
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and 
h(r)=J’k(r)m 
0 
for tE(O,s). 
Proof: Let II be a solution of 
1 
u, = uxx in (0, 00) x (0, m), 
U(0, t)=O in (0, co), 
WA 0) = @(xl in (0, co). 
Then the solution U is written as 
1 
u(xv l) = (47Ct)l/2 ~ Jbm {exp (-q)-exp (-@$$f)} $(y) dy. 
Since 
,,,(.-~)-exp(-@$f)=2exp(-~) sinh(5) 
it follows that 
U(x, t)>b(l)x exp -g 
( > 
for (x, t)~(0, 00)x(0, co). 
Setting i?(x, t) = e- h(r)U(x, t), ISI is a subsolution of (2.1). Thus the conclu- 
sion immediately follows from the comparison theorem. 1 
Next, let s > 0 and let g be a function on R x [0, s] such that 
]g(s, r)] < f(t) in R x [ 0, s] with a bounded function !(I) on [0, s]. 
LEMMA 2.2. Suppose that II/ is a bounded function on R satisfying 
I)(X) 2 box exp for x>O 
with some b,, to > 0 and let IV be the solution of 
w, = IV, + g( x, I ) cv in R x (0, s), 
w( x, 0) = II/(x) in R. 
(2.2) 
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Then there are Ki > 0 (i = 0, 1,2,3) independent of $, b,, t,, s, and C( t ) such that 
w(x, t) 2 KObOe-?c exp 
-K2{Kob0e-““x+ IJ/looe T(1)} exp (- $) 
for (x, t ) E (0, co ) x (0, s), where 
r(r)=fi P(t)dr .for t E (0, s) 
and 1.1 Q) denotes the supremum norm. 
Proof: Let $I* denote the positive and the negative part of $. i.e., 
J/ + (xl= maXi J/(x), 0) and J/ _ (x) = max{ - J/(x), 0)) and let w  * be the 
solution of (2.3) with initial data $ *, respectively. 
Setting 1$+(x, 1) =e-““W, (x, I) with the solution W, of the heat 
equation in R with initial data rj + (x), it is immediate that t’v + is a subsolu- 
tion of (2.3) with initial data $ + (x). Thus we see 
IV+ (x, t) 2 ii;, (x, t) for (x,t)~Rx(O,.s) (2.3) 
by the comparison theorem. 
The solution W, is written as 
1 
- w+ (x9 t) = (4nt)‘/2 f R 
t)+(y) exp (-v) dy. 
Take O<a,/?<l and put B={JJER: IX--yl<ax} for x>O. Then for 
(x,t)~(O,c~))x(O,oo)wehave 
1 
w+ (X9 I) a (4rrr)r/2 ~ f II,(Y)exp(-q)dy B 
>b,,(l -a)xexp 
( 1 + a)2x2 
4t 
0 
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where 
1 
CL?= (4nt)llZ R exp - J ( 
P(x-v)’ &) 
4t > . 
(2.4) 
Putting 
K,= 1 -a, K, =(1 +a)*, K2=CB, and K,=(l -/?)a*, 
this implies 
r~+(x,~)~K0~,,e~‘(‘)xexp(-K4$){l-K2exp(-~)} (2.5) 
for (x, I) E (0, co) x (0, S) from (2.3). 
In a similar manner. it holds 
IV-(X, t)<e”“W-(x, t) for (x,t)~Rx(O,.s), (2.6) 
where W- is the solution of the heat equation in R with initial data $- (x). 
Then for (x, I) E (0, co ) x (0, co) we get 
1 ~ w-(xl ‘)=(4nt)l/* I R,B 
$-(I’) exp(-v)dy 
~C,l~L exp - 
( 
(l-/3)a*x* 
4t 
> 
. 
Thus it holds 
IV-(X, t)<K, [$j,e”” exp (2.7) 
for (x, t) E (0, co) x (0, S) from (2.6). 
Since rv = rv+ - iv-, we can obtain the desired inequality by (2.5) and 
(2.7). 1 
Proofof Theorem 1.2. We first assume that q(x) is nonnegative and not 
identically equal to zero for x 2 6 with some 6 > 0. Then there are x0, t,-, > 0 
with t, < T such that 
u(x, I) 20 for (x, t)E [x,, co) x [0, to). 
Putting u,(x, t)=o(x+x,, t), we have 
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and hence u. is a supersolution of (2.1) with g(x, I)=~(x+x,, 0, s=t,, 
and Ifi = 9(-r + SO). By the comparison theorem and Lemma 2.1, it holds 
for (s, f)e(O, CO) x (0, to], (2.8) 
where 
h,(f) =-!- I” 
(47ct )“21 0 co(y + -h)y exp (2.9) 
for t E (0, I, J. In particular, we get 
for x->O. (2.10) 
Applying Lemma 2.2, there are Ki > 0 (i= 0, I, 2, 3) independent of s0 and 
lo such that 
U~(.x, f  + to) 2 Kobo(f,) ~-(JJ(‘o)+%w~~ exp 
( > 
-!L!$ 
0 
-~2{WoU,) e- ‘h(‘o)+ro(‘))X + lu( t,)( ,fO(‘)) . exp 
Kj 2 
( > 
- 4t 
for (x, 1) E (0, co) x (0, to), where 
r,(r)=~‘k(r+t,)dr for f >O. 
0 
put co = ~wl~+%w~ \u(fo)l,l&b,(f,) and take 0 ~y<min( KJ2K,, I}. 
Then for (s, t) E [c,, 00) x (0, )q,] we have 
l&)(x, t+ to) >, Kobo(fo) e-(h(‘o)+ro(‘))X. 
x {exp (- y) -2K, exp(- %)I 
X{exp(-z)-ZK,exp(-z)exp(--$&)I. 
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Setting C, = 8yt, ]log( 2K,)]/K,, it is immediate that 
2K2 exp 
for XBC,. Putting x, = max{ co, cl}, we obtain 
>Ko/,,((,) e-(h(‘o)+ro(‘)) x{exp(-z)-exp(-z)} (2.11) 
for (x, t) E [x, , m) x (0, po]. Then it follows from the choice of y that 
v,(x,t)>O for (~,1)~[~,,co)~(0,(1+y)t,]. Setting tl=(l+y)to and 
0,(x, t)=u(x+s,+.~,, t), we see 
u,(s, f)>O for (x,I)~[O,co)x(O,t,]. 
By the comparison theorem and Lemma 2.2, it holds 
-2 
u,(s, t)2bh,(t)e-h(f)x exp -k ( > for (x, 0 E (0, 0~) x (0, t,], 
where b,(r) is defined by (2.9) with (p(y+x,) replaced by cp(y+x,+x,). 
In the same way as above, there exists x2 > 0 such that 
u,(x, t) > 0 in [s2, co) x (0, t2], 
where t, = ( 1 + y) I,. Repeating this procedure at most finite times, for each 
s E (0, T) we obtain x, > 0 such that 
u(x+xs, f)>O for (x, t) E [x,, co) x (0, s). 
Then the comparison theorem and Lemma 2.2 implies the conclusion. 
We can also get the assertion in other cases by the same method as 
above. 1 
The following result implies that Theorem 1.2 is not valid for a semi- 
linear parabolic equation with a reaction term of different type from ( 1.3). 
PROPOSITION 2.1. Suppose that u. E C’ (R) n L”(R) such that ( u,-,)~ 2 0 
in R and uo( -x)<O<uo(x) for larke x>O. Let u he a solution of 
i 
u,=u -1 xx in Rx (0, oo), 
u(x, 0) =u,(x) in R. 
(2.12) 
Then there exists to > 0 such that zero of u( t) diverges to co as t t to. 
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Proof: We first get 
1 
~ 42% 1) = (4at)',2 s R 
u,(y) exp(-q)dy 
I 
I 1 - 
0 (4a(r -s))“2 R exp J ( 
lx-A2 dyds -~ 
4(t -s) > 
Thus U(X, t)<O in R if t> Izq,lm. Differentiating (2.12) by x yields 
i 
u XI = uxxx in Rx(0, co), 
u,(i 0) =(&J,(x) in R 
By the maximum principle, we see U, > 0 in R x (0, co) and U(I) has at 
most one zero z(t) for each t > 0. Putting 
t,=sup {t>O: u(x(t), t)>O for some x(t)ER}, 
we obtain t, < Iu,, I m. Set M = lim inf,t,, z(t). Assuming that M c 00, we 
have u( M, to) = 0. Since u,( to) > 0 in R, this is a contradiction. This com- 
pletes the proof. 1 
3. PROOF OF THEOREM 1.1 
In the present section, we prove Theorem 1.1 being based on Theorem 1.2. 
Proof of Theorem 1.1. We first assume that 1.4 decays fast as t + co. 
Then for E > 0 with q/2 + EP-’ < l/(p - I), there is t, > 0 such that 
Iu(t)l,<&t-“(p--) for tat,. (3.1) 
If lim inf, _ Q) Ixlqq(x) > 0, then it holds 
q(x) 3 cox-q for xaa (3.2) 
with some C,, a > 0. Define 
h(t) =J; lu(r)l”,-’ dr 
for t> t,. Putting m,=supoG,,lL lu(t)l,, we have 
I 
f 
h(t)<mP-‘t,+&P-’ z-l dz e 
‘, 
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and hence 
e-hW > Met-@ for t> t,. (3.3) 
Take to > max{ a*, te} which will be decided later. Set u,(x, t) = u(x + p, t) 
for each p > 0. According to Theorem 1.2, there exists p. > 0 such that for 
P>Po 
for (x, t) E (0, 03) x (0, t01, 
where 
1 m 
W) = (4nI)l/*t I 
2 
o CP(Y+P)Y ew -2 4. ( > 
Define 
r(t)=@-l 
s 
d (to+?)-‘dT for I>O. 
By Lemma 2.2, there are positive constants Ki (i =O, 1,2, 3) independent of 
p and to such that 
K, x2 
u,(x, t +tO)~KObp(tO)e-(r(f)+h(‘~))x exp -4t ( > 0 
-K2{Kob,(~o)e-{~f)+h(‘O))x+e r(r)l~(tO)lm} exp(-F) 
(3.4) 
for (x, t) E (0, co) x (0, co). Take positive constants y, 6 with 
y<min{s, 1 
I I 
and 
6>max 
8~ ,log;W 
&{(I +yy*- l} 
*)Y ga’? l}. 
Set x0 = StAp and write u,(x, t)=u,(x, t) and bo(to)=b,(to) for sim- 
plicity. It follows from (3.4) that 
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u,(x, t + I,) 2 KObO(tO)e-(r(‘)+A(r’)),~ exp 
- K,{ Koho(toP- (r(l)+/f(lo))~y+EfgI/(p-I),~r, 
(3.5) 
for (x, r)e(O, co)x(O, )vo] since lu(t,)l,<~I;“(~-‘) by (3.1). Put 
so that 
6= 
so + x1 
{(I +y) t,}“2’ 
We also see 
CXp(-g)>exp(-g) 
and 
1 
<- 
2 
by the choice of y and 6. Thus it follows from (3.5) that 
u,(x,, t + to) >, Kobo(fo)e-(r(‘)+h(’ 
K,.YT 
xexp -- ( > WO 
x exp 
K1d2{(l +y)“- I}’ 
- 
4 > 
(3.6) 
for t E (0, yto]. 
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(3.7) 
Indeed, we have 
ho(lo) = 
1 * 
I (47Q’2fo 0 CP(Y +x0) Y ev 
co * 
2 (47zfo)“2to I 
(y+xo)-qyexp 
0 
-2co OD =- 
s (47cto)“2 0 (Y ++Yo)-q -$XP 
= C,( nt,) -“2 x,“{ 1 - y(7Tto)“2X,‘} 
by (3.2) and hence we see (3.7) since x0 = dt:“. It follows from (3.3) and 
(3.7) that 
e-h”O)ho(to) >‘K4f0 -(q/Z+ l/z+&+-‘) (3.8) 
for some K4 > 0. 
We also easily see that 
e’(r) < ( 1 + )j)““-’ and e-““~(l +)yp-’ (3.9) 
for I E (0, yro]. From (3.6), (3.8), and (3.9), there are K,, K, > 0 such that 
uo(x,, ~+I,)~K~~~(~‘~+~~-‘)-K~I~‘~~--~ 
for t E (0, yt,]. Choosing to > 0 sufficiently large so that 
KSt~/(P-l)-(9/2+eP-‘) > 2K 
69 
we get 
for f~(O,yt,]. Setting y,=so+x, and ~,=(l+~r)t~, it holds y,=~%:'~ 
and 
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for some K,>O. Moreover u(x, t)>O for (x, t)~(yt, co)x(O, t,]. Putting 
u,(x, ~)=u(x+y,, t) and applying the above argument to u,, y,, and fr 
instead of u,,, x0, and I,, we get 
t”‘P-‘)u( y,, I*), 2 
>K,f:/(P-t)-(q/2+aP-‘) 
and 
u(x, I) > 0 for (s, I) E (y2, co) x (0, r21, 
where ~7~ = 61:‘~ and t2 = ( 1 + y) 1,. Following this procedure, we construct 
sequences { y,} and { I,} with t,, , = ( 1 + y) I,, for n E N such that y, = 6t!,” 
and 
t’/(P--L)U(y,, t,)~K,t~/(P-I)--(q/Z+&‘-‘), 
n 
which is a contradiction since u decays fast as t --f co. 
In the case of lim inf,, --m ].x]q~(x) >O, we can also show the assertion 
by the same argument as above. 1 
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